Introduction and formulation of results
In our recent paper [1] , we studied periodic billiard trajectories in a regular pentagon and in the isosceles triangle with with the angles (π/5, π/5, 3π/5). We provided a full computation of the lengths of these trajectories, both geometric and combinatoric, and formulated some conjectures concerning symbolic periodic trajectories. The main goal of this article is to prove two of these conjectures.
Technically, the study of billiard trajectories in a regular pentagon is essentially equivalent to the study of geodesics in the "double pentagon," a translation surface obtained from two centrally symmetric copies of a regular pentagon by pairwise pasting the parallel sides. The result is a surface of genus 2 that has a flat structure inherited from the plane and a conical singularity. See [2, 3, 4, 5, 6, 7] for surveys of flat surfaces and rational polygonal billiards.
Let us describe the relevant results from [1] . First of all, a periodic linear trajectory is always included into a parallel family of such trajectories, and when we talk about the period, length, symbolic orbit, etc., we always mean these parallel families. See Figure 1 .
Second, the double pentagon has an involution, the central symmetry that exchanges the two copies of the regular pentagon. This involution interchanges the linear trajectories that have the opposite directions. For this reason, we identify the opposite directions, so the set of directions is the real projective line RP 1 . We identify this projective line with the circle at infinity of the hyperbolic plane in the Poincaré disc model.
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As we mentioned earlier, to every periodic direction, there correspond two strips of parallel periodic trajectories that cover the surface; we denote their periods by a pair consisting of a script and capital letter, such as (a, A), with a ≤ A. For example, the symbolic trajectories on Figure 1 are 25 and 43, and their periods are (2, 2).
The following theorem was proved in [1] .
Theorem 1 Let (a, A) and (b, B) be the pairs of periods for two points joined by a side of an ideal pentagon of some generation. Then, for the three additional vertices of the pentagon of the next generations, the periods are as shown in Figure 4 .
A different, yet equivalent, description of periods is given in the next theorem, also from [1].
• Figure 5 . Let (b, B) be the periods corresponding to the direction β, and let (c i , C i ) be the periods corresponding to γ i , multiplied by −1,
is an arithmetic progression with the difference (B, b + B). We observed, in computer experiments, that the recurrence relations of Theorem 1 and 2 also held for the symbolic trajectories, and we conjectured the following results in [1] which we formulate as the next two theorems.
Theorem 3 (Conjecture 8 of [1] .) Let a, A and b, B be two pairs of cyclic symbolic orbits, corresponding to two periodic directions joined by a side of an ideal pentagon of some generation. Then one can cut the cyclic words a, A, b, B into linear ones, concatenate them, and close the words up to cyclic words, so that the cyclic symbolic orbits for the three additional vertices of the pentagon of the next generations (listed in the direction from the first point to the second) are:
bA, BaA; AB, bBaA; aB, AbB.
Theorem 4 (Conjecture 9 of [1] .) Let β and . . . , γ −2 , γ −1 , γ 0 , γ 1 , γ 2 , . . . denote the same as in Theorem 2. Then there exist a splitting of the short symbolic orbit corresponding to β into two parts, (c, d), and two splittings of the long symbolic orbit corresponding to β into two parts: (a, b) = (a , b ) such that the short and long symbolic orbits corresponding to γ i are as shown in Figure 6 . Notice that actually Conjecture 9 of [1] contained one additional claim, namely that a and b have the same beginning. This statement remains a conjecture.
We give proofs of Theorems 3 and 4 in the next two sections.
The main tool in the proofs is another result from [1] , an algorithm producing symbolic periodic orbits of the next generation from the previous one. It is based on the graph shown in Figure 7 . Consider a symbolic orbit W corresponding to α n1n2...n k . For j = 1, 2, 3, 4, define the transformation T j as follows. Subtract j mod 5 from each entry of W to obtain a new periodic word in symbols 1, 2, 3, 4, 5. This word determines a path on the graph in Figure 7 . When going along this path, we insert the symbols that we pass into the cyclic word; the resulting periodic word is T j (W ). For example, T 1 (2343) = (14323234).
One has the following result from [1] .
Theorem 5 Let W be the symbolic orbit, long or short, corresponding to the periodic direction α n1n2...n k . Then T j (W ) is the symbolic orbit, long or short, respectively, corresponding to the periodic direction α j−1,3−n1,3−n2,...,3−n k−1 ,4−n k .
Proof of Theorem 3
In this section we prove Theorem 3. Let us summarize the set-up, as described in the previous section. Each symbolic orbit is a cyclic sequence of even length in the alphabet {1, 2, 3, 4, 5} consisting of pairs 43, 41, 25, 23. To every vertex of an ideal pentagon of each generation, there correspond two symbolic orbits, the short one and the long one. The statement of the theorem is that the symbolic orbits corresponding to two consecutive vertices of each pentagon can be cut into linear sequences a, A and b, B (also consisting of pairs 43, 41, 25, 23, and thus starting with 4 or 2 and ending with 1, or 3, or 5) in such a way that the symbolic orbits, corresponding to the three intermediate vertices of the pentagon of the next generation, are bA, AaB; AB, AaBb; aB, BbA.
We shall apply the transformations T j , j = 1, 2, 3, 4, to linear (not cyclic) sequences. This makes it necessary to specify two additional things. First, we place the path from the last digit to the first digit after the last digit. Second, after applying T j , a cyclic permutation may be needed; we always do it in the following way: if the first digit is 3, then we move it to the end of the sequence; if the first digit is not 3, but the last digit is 2 or 4, then we move this 2 or 4 to the beginning of the sequence.
The proof of the theorem is by induction on the generation of an ideal pentagon.
Base of induction. For the "initial" pentagon (0th generation), the symbolic orbits are a = 41, A = 23; bA, AaB; AB, AaBb; aB, BbA; b = 25, B = 43.
In particular, the statement of the theorem holds.
Induction setting. We assume that, for some pentagon of some generation, the statement of the theorem holds. The symbolic orbits of the two extreme vertices are of the form a = x 1 * x 2 , A = X 1 * X 2 , b = y 1 * y 2 , B = Y 1 * Y 2 where x 1 , . . . , Y 2 ∈ {1, 2, 3, 4, 5}. One has nine cases to consider:
(1) a = 4 * 1 A = 2 * 3 b = 2 * 5 B = 4 * 3 (2) a = 2 * 3 A = 4 * 3 b = 4 * 1 B = 2 * 3 (3) a = 2 * 3 A = 2 * 3 b = 2 * 3 B = 2 * 3 (4) a = 4 * 3 A = 4 * 3 b = 4 * 3 B = 4 * 3 (5) a = 2 * 5 A = 4 * 3 b = 4 * 3 B = 2 * 3 (6) a = 4 * 3 A = 2 * 3 b = 2 * 3 B = 4 * 3 and also (2) * , (5) * , (6) * where * means the involution (a, A) ↔ (b, B). We will prove that after every transformation T j , we get a pentagon satisfying the statement of the theorem, with a, A, b, B satisfying the same conditions; moreover, the beginnings and the ends of the new a, A, b, B are determined by the sequence (1) − (6) * . Specifically, the transformations T j act in the set
